By applying Laplace transform theory to solve first-order homogeneous differentialdifference equations it is conjectured that a resulting infinite sum of a series may be expressed in closed form. The technique used in obtaining a series in closed form is then applied to other examples in teletraffic theory and renewal processes.
Introduction
Differential-difference equations occur in a variety of applications including ship stabilization and automatic steering [19] , the theory of electrical networks containing lossless transmission lines [7] , the theory of biological systems [6] and in the study of distribution of primes [25] .
The equation
f'(t) + af'(t -a) + 0/(0 + yf(t -a) + Sf(t + a) = 0
is termed a first-order linear delay, or retarded, differential-difference equation for a = 0, S = 0 and a > 0. For a = 0, & = 0 and a < 0 it is termed an advanced equation. In the case S = 0, a > 0 it is referred to as a neutral equation and when a = 0, P =0, a > 0 a n equation of mixed type. Stability studies on general delay equations have been carried out in [5] and for neutral equations in [13] . Driver, Sasser and Slater [11] consider a first-order linear delay equation and for a 'small' delay they show that it exhibits certain similarities associated with an equation without delay. Numerical studies have also been carried out in which chaos has been observed [14] , and Seifert [22] hints strongly at a suspected chaotic interval function associated with discontinuous delays.
A great deal of the studies for the stability of differential-difference equations necessitate an investigation of its associated characteristic equation. Some of the early work in this area has been carried out by Pontryagin [21] , Wright [28] and more recentiy by Cooke and van den Driessche [10] and Hao and Brauer [16] .
The purpose of this paper is to show that, by using Laplace transform techniques together with a reliance of asymptotics, series representations for the solutions of delay equations may be expressed in closed form. The series, in its region of convergence, it is conjectured, applies for all values of the delay without necessarily relying on its association with the differential-difference equation.
Unlike some of the series that are listed as high precision fraud by Borwein and Borwein [3] , the series in this paper will be shown to be exact by the use of Biirmann's theorem. The analysis also relies on the exact location of the roots of the associated transcendental characteristic equation. This technique is then applied to particular examples.
Method
Consider the first-order linear homogeneous differential-difference equation
Taking the Laplace transform and using the initial condition, results in
The inverse Laplace transform is
where the Heaviside unit function is defined to be
By Laplace transform theory the solution to (1) may be written as = J~f «"[*(*)]"' ds [3] Integro-differential-difference equations 475
for an appropriate choice of y such that all the zeros of the characteristic equation The poles of the expression (2) depend on the zeros of the characteristic equation (4), namely, the roots of g(s) = 0. The dominant root s 0 of g(s) = 0 has the greatest real part and therefore asymptotically / (t) ~ Qoe^', and so from (3),
After some experimentation it is conjectured that:
V/ e R in the region where the series converges. Burmann's theorem will be used, a little later, to prove the identity (6) . By the use of the ratio test it can be shown that the series in (6) converges in the region
In a similar fashion, the Laplace transform from (2) may be expressed as
and the inverse Laplace transform may be written as whenever the double series converges.
LEMMA 1. The poles of the expression (2) are all simple for the inequality (7).
PROOF. Assume on the contrary that there is a repeated root of
Then by differentiation it is required that 1 -ace~a s = 0, in which case s = (l/a)ln(ac). Substituting in (9) results in ln(ac) + ab + 1 = 0 and therefore ace l+ab = 1 which violates the inequality (7). Hence all roots of (9) are simple. It is a straightforward matter to show that (9) has at most two real roots. Both Bellman and Cooke [1] and Cooke and Grossman [9] give necessary and sufficient conditions for a rearrangement of (9) gence, which is no larger than that region given by (7).
PROOF. Parts (i) and (ii) can be shown to be solutions of (1) by substitution. For part (iii), to show
, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0334270000011772 [5] Integro-differential-difference equations 477
expand the left hand side to give
Summing each column results in
Biirmann's theorem [26] will now be used to prove the explicit form of relationship (6). '| < 1, so considering p as a complex variable, p = x + iy, then From (11), the series J^LQe~( r+n] '(r + n)"/n! diverges on the boundary p = 1. Consider the divergent series ^Z^IQ 1/H. Then by the limit comparison test on utilizing Stirling's formula n\ ~ (n/e) n^/ 2nn as n -> 00. The divergence of the above series can also be ascertained from the closed-form representation of a modified right-hand side in (11) .
The double pole The characteristic equation (4) may be shown to have a dominant double zero at s = 0 for b + c = 0 and 1 + ab = 0. From the general theory of linear functional differential equations [15] it follows that there exist constants a and fl such that From residue theory, the constants a and /} can be shown to be 2/a and 2/3 respectively, in which case 3
The degenerate case From (10) and (2) it can be seen that This result can be ascertained directly from the differential-difference equation (1).
Applications
Two examples are investigated in which the method of the previous section is applicable. The probability that, at the moment a call arrives, the time having elapsed since the preceding call is confined between y and y 4-8y, is e~y dy. The probability that the waiting time of the preceding call has been less than (t + y -a) is f (t + y -a), where a is the connection time of a call. Differentiating the integral equation with respect to / and partially integrating the result gives the differential-difference equation t >a 1 0 < t < a. J (12) , available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0334270000011772 [9] Integro-differential-difference equations 481
The system (12) where £ is the positive root of £ -1 + e~a % = 0. Erlang in [8] considered only the case 0 < a < 1. In the case when a = 1 there is a double pole which, from a previous statement, results in lim,_ >oo {/(r) -2t] = 2/3. This fact has also been noted, in a different context, by Feller [12] . Bloom [2] proposes the problem of evaluating lim^oof/ (/) -2t} given that, for t a positive integer,
The W.M.C. problem group [27] and Holzsager [17] both solve this problem, and in particular Holzsager considers / (/), Wt > 0. Now, / it) satisfies the differentialdifference equation
fit) = fit)-fit-I), t>\.

Using the theory of linear functional differential equations, Holzsager shows that
This work relates only to the asymptotic of the finite sum whereas in this paper it is shown that the infinite sum is equal to the asymptotic expression for all t.
(B) A renewal example In determining the availability of a renewed component Pages and Gondran [20] consider the case of a constant failure rate. Given that A(t) is the availability of a Markovian component, X is the constant failure rate, and g(t) is a density function, then the integro-differential equation satisfied by A (t) is
Taking the Laplace Transform results in 
where H(x) is the Heaviside function. From (14) the residue at the dominant root s = 0, of the characteristic equation s + X -Xe~a s = 0 for a > 0 and 1 + aX ^ 0, is 1/(1 + aX). Hence by utilizing the previous section, the result becomes
in its region of convergence |aXe 1+oX | < 1 and Vr e R. The value of the availability limit sum is independent of the initial value A o and the closed-form solution is independent of the value of t. Other examples in which this technique is applicable occur for Bruwier series [1] , slowing down of neutrons [23] , [18] and for ruin problems in compound Poisson processes [24] .
Numerical examples
The Note that in (15) if for any x, y is a solution then so is -y. Hence the non-real zeros occur in complex conjugate pairs.
Putting t = -ax, then (10) can be restated as
where £i is the dominant root of the characteristic equation.
In Table 1 , the single sum converges to the closed form term at (16) to within a truncation error of e = 10~1 2 . Using the technique developed by Braden [4] , the single positive sum needs at least 245 terms so that its sum is within a truncation error of e = 10~1 2 for (a, b, c) = The double sum in (10), when it converges, generally requires many more terms in its series than does the single sum to converge to some prescribed truncation error. In Table 1 the double series converges only for the cases (a, b, c) = (0.5,0.2,0.6) and (0.1,2,-2).
Conclusion
A technique has been demonstrated whereby series may be represented in closed form. An association was made between a differential-difference equation and its characteristic equation, however a starting point may simply be taken as a Laplace transform equation of the type F(s) = P(s) + for P n (s) and Q n (s) polynomials in 5. In a follow up paper, more general systems of the type and *=0
, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0334270000011772 will be considered, together with equations that have more than one delay and equations of neutral and mixed types.
